Abstract. We determine the behavior under Weil restriction of the group of connected components of the special fiber of an arbitrary smooth group scheme over an arbitrary noetherian local ring. A key ingredient of the proof is a version of Grothendieck's wellknownéquivalence remarquable de catégories. Applications to Néron models are given.
Introduction
Let R be a discrete valuation ring with field of fractions K and residue field k and let k s be a fixed separable algebraic closure of k. Let A K be an abelian variety over K with Néron model A over R and let π 0 (A s ) denote the k-group scheme of connected components of the special fiber A s of A. Now let A ∨ K be the dual (i.e., Picard) variety of A K and write A ∨ and π 0 (A ∨ s ) for the corresponding objects associated to the abelian variety A ∨ K . When k is perfect, Grothendieck's pairing π 0 (A s )(k SGA7, IX, (1.2.2) ] is widely expected to be perfect. This conjecture has been verified in all cases except when K has positive characteristic and k is infinite. See [BB, §1] for further comments. However, when k is imperfect, there exist examples that show that the above pairing is no longer perfect. The first such examples were constructed in [BB, comment after Corollary 2.5] using the Weil restriction functor. It is for this reason, at least, that a full understanding of the behavior of the groups of connected components of abelian (or more general) varieties under Weil restriction is desirable. In this paper we completely determine the behavior under Weil restriction of the group of connected components of the special fiber of an arbitrary smooth group scheme over an arbitrary noetherian local ring. Our main result (namely, Theorem 4.1) is essentially equivalent to Theorem 0.1. Let R ′ /R be a finite extension of noetherian local rings with associated residue field extension k ′ /k. Let G ′ be a smooth R ′ -group scheme such that the Weil restriction ℜ R ′ /R (G ′ ) exists. Then there exists a canonical isomorphism ofétale k-group schemes π 0 (ℜ R ′ /R (G ′ ) s ) ≃ ℜ k ′ /k (π 0 (G Some applications of the above theorem (or, more precisely, of Theorem 4.1) are discussed at the end of the paper.
The following is a summary of the proof. Set B = R ′ ⊗ R k, which is a finite local k-algebra with residue field k ′ , and write G ′ B = G ′ × Spec R ′ Spec B. By a basic property of the Weil restriction functor, there exists a canonical isomorphism of smooth k-group
). Now, as a particular case of Proposition 3.3 below, if certain conditions are satisfied, then the following (perhaps unsurprising) fact holds: there exists a canonical isomorphism ofétale k-group schemes
). The problem is thus reduced to establishing the existence of an isomorphism ofétale kgroup schemes ℜ B/k (π 0 (G ′ B )) ≃ ℜ k ′ /k (π 0 (G ′ s )). The key fact that underlies the existence of such an isomorphism is the following. Given anétale B-scheme Y (e.g., Y = π 0 (G ′ B )), there exists a canonical isomorphism ofétale B-schemes
Regarding the preceding isomorphism, we note that the Weil restriction of an arbitrary scheme along a nilpotent immersion (such as Spec k ′ → Spec B) does not exist. However, Y k ′ isétale over k ′ and the existence of ℜ k ′ /B (Y k ′ ) is a consequence of the infinitesimalcriterion definition of formallyétale morphisms. See the proof of Proposition 2.2(i). We now apply (0.2) with Y = π 0 (G ′ B ). If certain conditions hold, then there exist canonical isomorphisms
as required.
Preliminaries
If X is a scheme, the topological space underlying X will be denoted by |X|. All rings considered in this paper are commutative with unit. A scheme of finite type (respectively, locally of finite type) over a field will be called algebraic (respectively, locally algebraic).
Let S be a scheme, let X be an S-scheme and let S ′ → S be a morphism of schemes. When S is clear from the context, we will write X S ′ for X× S S ′ . The schemes S ′ and S ′ × S S (respectively, S × S S ′ ) will be identified via the first (respectively, second) projection.
′ -morphism of schemes. Further, if T → S is any S-scheme and f : S ′ → S is the structure morphism of S ′ , then 1 T × S f : T S ′ → T may be identified with the first projection morphism pr 1 . If S ′′ → S ′ is another morphism, we will make the identification
When S ′ = Spec B and S = Spec A are affine, we will write X B and f B for X S ′ and f S ′ , respectively.
If S is a scheme, we will write (Et/S) for the full subcategory of the category of Sschemes (Sch/S) whose objects areétale morphisms X → S. If S = Spec A is affine, we will write (Sch/A) and (Et/A) for (Sch/S) and (Et/S), respectively.
Let W → S ′ → S be morphisms of schemes. If Z is an S-scheme and pr 1 : Z× S S ′ → Z is the first projection then, by the universal property of the fiber product, the map
Recall that a finite morphism of schemes is locally free if, and only if, it is flat and locally of finite presentation [EGA, IV 2 , Proposition 2.1.12]. Recall also that a morphism of schemes S ′ → S is a universal homeomorphism if, for any base change T → S, the induced morphism S ′ T → T is a homeomorphism. By [EGA I new , Proposition 3.8.2(iii) , p. 249], the class of universal homeomorphisms is stable under base change. Further, a morphism of schemes is a universal homeomorphism if, and only if, it is integral, surjective and radicial [EGA, IV 4 , Corollary 18.12.11] . In particular, a universal homeomorphism is affine [EGA, II, (6.1.2) ]. Further, if k ′ /k is a finite and purely inseparable extension of fields, then Spec k ′ → Spec k is a universal homeomorphism. A nilimmersion is a surjective immersion or, equivalently, a closed immersion defined by a nilideal [EGA I new , (4.5.16), p. 273] . Such a morphism is a homeomorphism. By [EGA I new , Propositions 3.6 .1(ii) and 4.3.6(ii), pp. 244 and 264], the class of nilimmersions is stable under base change. Therefore a nilimmersion is a universal homeomorphism. In particular, a locally nilpotent immersion, i.e., a closed immersion defined by a locally nilpotent ideal, is a universal homeomorphism.
1.1. Weil restriction. Let f : S ′ → S be a morphism of schemes and let X ′ be an S ′ -scheme. We will say that the Weil restriction of X ′ along f exists (or, more concisely, that
is an S ′ -morphism of schemes, such that the map
It follows from the definition that ℜ S ′ /S is compatible with fiber products, i.e., if
2 ) exists as well and
Now, if X is an S-scheme such that ℜ S ′ /S (X S ′ ) exists, then (1.4) gives rise to a canonical morphism of S-schemes
which corresponds to the identity morphism of X S ′ , i.e.,
The morphisms q X ′ , S ′ /S and j X, S ′ /S will sometimes be denoted by q X ′ and j X , respectively.
We now present three (probably well-known) commutative diagrams that will be used later to establish the commutativity of certain other diagrams.
If
If h is an isomorphism, then so also is ℜ S ′ /S (h) and
Next, assume that ℜ S ′ /S (X ′ ) exists and let T → S be any morphism of schemes.
exists as well and (using (1.1)) (1.2) and (1.4) yield a canonical isomorphism of T -schemes
T , where λ = λ X ′ , S ′ /S, T and we have used (1.1) to make the identifications ( 
such that the following diagram commutes
where ρ = ρ X ′′ , S ′′ /S ′ /S and we have applied (1.1) to
We now discuss existence results. Let f : S ′ → S be a finite and locally free morphism of schemes. For each s ∈ S, let γ(f ; s) denote the cardinality of the geometric fiber of f over s, i.e.,
is independent of the choice of k(s).
Definition 1.12. Let f : S ′ → S be a finite and locally free morphism of schemes. An S ′ -scheme X ′ is called admissible relative to f if, for every point s ∈ S, any collection of
If S ′ = Spec B and S = Spec A are affine, we will also say that X ′ is admissible relative to B/A.
Note that, by [EGA, II, Definition 5.3 .1 and Corollary 4.5.4], any quasi-projective S ′ -scheme is admissible relative to any finite and locally free morphism S ′ → S.
Theorem 1.13. Let f : S ′ → S be a finite and locally free morphism of schemes and let X ′ be an S ′ -scheme which is admissible relative to f . Then ℜ S ′ /S (X ′ ) exists.
Proof. See [BLR, §7.6, Theorem 4, p. 194] and [BGA, Theorem 2.10 ].
If f : S ′ → S is a finite and locally free universal homeomorphism, then every S ′ -scheme is admissible relative to f by [BGA, Remark 2.9(c) ]. Consequently, the theorem yields Corollary 1.14. If f : S ′ → S is a finite and locally free universal homeomorphism, then
Remarks 1.15. (a) Let S ′ → S and X ′ be as in Theorem 1.13. The proof of [BLR, §7.6, Theorem 4, p. 194] shows that, if F denotes the family of all affine open subschemes of
′ is a morphism of S ′ -schemes which is smooth (respectively,étale, an open immersion) and both ℜ S ′ /S (X ′ ) and
is smooth (respectively, etale) over S. This follows from (1.4) and the infinitesimal criterion [EGA, IV 4 , Definition 17.1.1], as in the proof of [CGP, Proposition A.5 
.2(4)]. (c) If S
′ → S is finite, locally free and surjective and X is a separated S-scheme such that ℜ S ′ /S (X S ′) exists, then the canonical morphism j X : X → ℜ S ′ /S (X S ′) is a closed immersion 1 . Indeed, by faithfully flat and quasi-compact descent [EGA, IV 2 , Proposition 2.7.1(xii)], it suffices to check that (j X ) S ′ :
) and any section of a separated morphism is a closed immersion [EGA I new , Corollary 5.2.4, p. 278], we are reduced to checking that q X S ′ is separated. Since X S ′ is separated over S ′ , ℜ S ′ /S (X S ′ ) is separated over S by [BLR, §7.6, Proposition 5(b), p. 195] . Thus
1.2. Groups of components. Let A be an artinian local ring with residue field k and let G be an A-group scheme locally of finite type. We will identify G with the functor on (Sch/A) represented by G. Let G s := G× Spec A Spec k be the special fiber of G
2
. Now let |G| 0 ⊂ |G| denote the connected component of the identity 1 ∈ G and define a subfunctor
where T is any A-scheme. Since G is locally of finite type over A, (1. 
is represented by anétale A-group scheme and the canonical morphism
is faithfully flat and locally of finite presentation. Note that, if G is smooth over A, then G 0 is smooth as well [SGA3, VI B , Theorem 3.10] and therefore (1.17) is a smooth morphism by [EGA, IV 4 1 This statement, except for the (necessary) surjectivity hypothesis, appears without proof in [BLR, p. 197, last paragraph] .
2 Here the subscript "s" indicates "special fiber" rather than the closed point of Spec A. We use this notation because it remains unchanged by a change of rings, i.e., if A ′ is another artinian local ring with residue field k ′ and G ′ is an A ′ -group scheme, then it should be clear that
Lemma 1.18. Let A → B be a homomorphism of artinian local rings and let G be a flat A-group scheme locally of finite type. Then there exists a canonical isomorphism ofétale
Proof. Note that π 0 (G B ) is anétale B-group scheme since G B is flat and locally of finite type over B. Now, if ε A : Spec A → π 0 (G) denotes the unit section of π 0 (G), then the unit section of
faithfully flat and locally of finite presentation and its kernel equals 
which is exact for the fppf topology on B. The lemma follows.
Henceforth, if A → B is a homomorphism of artinian local rings and G is a flat A-group scheme locally of finite type, we will identify π 0 (G B ) and π 0 (G) B via the isomorphism of the lemma.
Let again A → B be a homomorphism of artinian local rings and let G be a smooth B-group scheme such that ℜ B/A (G) exists. By Remark 1.15(b), ℜ B/A (G) is smooth and therefore flat and locally of finite type over A. Consequently, π 0 (ℜ B/A (G)) is anétale A-group scheme. Via the identification of Lemma 1.18, we will regard the morphism
Further, if B → C is another homomorphism of artinian local rings, the base extension of (1.19) along Spec C → Spec B will be identified with π 0 ((q G, B/A ) C ), which will be regarded as a morphism
Finally, let S be any scheme and let G be an S-group scheme. For each s ∈ S, let |G s | 0 denote the connected component of the identity of the k(s)-group scheme G s = G × S Spec k(s) and consider the functor defined by is not a closed subgroup scheme of G and G 0 \G is not represented by a scheme.
Some complements on Weil restriction
Let k ′ /k be a finite extension of fields and let G be an algebraic k ′ -group scheme. By [CGP, Proposition A.5 .1], ℜ k ′ /k (G) exists and is algebraic . More generally, the following holds.
Proposition 2.1. Let k ′ /k be a finite extension of fields and let G be a quasi-compact (respectively, locally algebraic) k ′ -group scheme. Then ℜ k ′ /k (G) exists and is quasi-compact (respectively, locally algebraic).
Proof. Assume first that G is quasi-compact. By [Per, Theorem 3.1, p. 67 ] (see also [SGA3, VI A , Theorem 6.5]), there exists an isomorphism α : G ≃ lim ← − G λ in the category of k ′ -schemes, where (G λ ) is a projective system of algebraic k ′ -group schemes indexed by a directed set containing an element λ 0 such that the transition morphisms G µ → G λ are affine for µ ≥ λ ≥ λ 0 . Since G λ 0 is algebraic and therefore quasi-projective by [CGP, Propositions A.3.5] , G λ 0 is admissible relative to k ′ /k. Thus, by [BGA, Propositions 3 .1(ii) and 3.4] is a quasi-projective l-scheme [EGA, II, Corollary 5.3.6] . Thus, by [EGA, II, Corollary 6.6 .5], G α is quasi-projective over k ′ . This completes the proof.
The next proposition generalizes [CGP, Proposition A.5.13] 4 . Proposition 2.2. Let f : S ′ → S be a morphism of schemes. Assume that f is either (i) a locally nilpotent immersion, or (ii) a finite and locally free universal homeomorphism.
′ is an isomorphism ofétale S ′ -schemes and, for anyétale
is an isomorphism of etale S-schemes. In particular, the adjoint functors − × S S ′ : (Et/S) → (Et/S ′ ) and ℜ S ′ /S : (Et/S ′ ) → (Et/S) are mutually quasi-inverse equivalences of categories.
Proof. Note that, if ℜ S ′ /S (X ′ ) exists, then it isétale over S by Remark 1.15(b). Now, since f is a universal homeomorphism, [SGA4, VIII, Theorem 1.1] shows that there exist anétale S-scheme Z and a canonical isomorphism ofétale S ′ -schemes q :
In case (i), we claim that (Z, q) is the Weil restriction of X ′ along f . Indeed, let T be any S-scheme. Since 1 T × S f = pr 1 : T S ′ → T is a locally nilpotent immersion and Z → S is formallyétale, the canonical map α : Hom S (T, Z ) → Hom S (T S ′ , Z ), g → g • pr 1 , is a bijection [EGA, IV 4 , Remark 17.1.2(iv)]. On the other hand, the composition of the inverse of the bijection (1.2) for W = T S ′ and the canonical bijection Hom
In particular, q X ′ , S ′ /S = q is indeed an isomorphism. We will now show that j Y = j Y, S ′ /S is also an isomorphism. Since q Y S ′ is an isomorphism, (1.6) shows that (j Y ) S ′ is an isomorphism. Now consider the commutative diagram
where the vertical morphisms, which are projections onto first factors, are locally nilpotent immersions. Since µ red and ν red are isomorphisms, the diagram shows that (j Y ) red = j Y is an isomorphism as well, as required.
In case (ii), the existence assertion is immediate from Corollary 1.14. We claim that it suffices to check that j Y is an isomorphism (functorially in Y ). Indeed, if j Z is an isomorphism, where Z is as at the beginning of the proof, then q Z S ′ is an isomorphism as well by (1.6). Now diagram (1.7) for h = q : Z S ′ ∼ → X ′ shows that q X ′ is an isomorphism. Thus it remains to check that j Y is an isomorphism. To this end, by Remark 1.15(d), we may work Zariski-locally on S to reduce to the case where f is of the form Spec B ′ → Spec B, where B ′ a finite and free B-module. In this case, if U ′ is an affine S ′ -scheme, then ℜ S ′ /S (U ′ ) is an affine S-scheme [BLR, §7.6, proof of Theorem 4, p. 194]. Let L be any algebraically closed field equiped with a morphism Spec L → S. We claim that the map
is a bijection. Indeed, by (1.2) and (1.4), the latter map can be identified with the morphism 
is the identity as well. On the other hand, since Spec L → Spec A is a nilpotent immersion and Y L → Spec L isétale, σ is a bijection. Thus j Y (L) is also a bijection, as claimed. In particular, j Y is surjective by [EGA, 
is a closed immersion for any U as above.
3), pp. 26-27], where ι : U → Y is the given open immersion of U into Y . Since U and S are affine, the composite morphism U → Y → S is separated and therefore
is a closed immersion by Remark 1.15(c). Thus, since the composite morphism
equals j U and g is separated, h is a closed immersion ofétale S-schemes by [EGA I new , Proposition 4.3.6(iv), p. 265]. We will now show that h(L) is a bijection for any field L as above, which will complete the proof. By [EGA I new , (3.5.1.1), p. 242], the diagram
is a bijection as well. On the other hand, the composite map
which is a bijection. It is now clear that h(L) is a bijection.
Remark 2.3. A locally nilpotent immersion of schemes is both a universal homeomorphism and a finite morphism [EGA, II, Proposition 6.1.5(i)], but is not, in general, locally free (i.e., flat and locally of finite presentation). Therefore the existence assertion in case (i) of the proposition does not follow from Corollary 1.14. 
and a commutative diagram ofétale S ′′ -schemes
where ϕ = ϕ Y, S ′′ /S ′ /S and we have have used (1.1) to identify
Proof. By the proposition,
is an isomorphism ofétale S ′ -schemes. In particular, ℜ S ′ /S (Y ) exists if, and only if, ℜ S ′ /S (ℜ S ′′ /S ′ (Y S ′′ )) exists and, if this is the case, then 
where j := j Y, S ′′ /S ′ and ρ := ρ Y S ′′ , S ′′ /S ′ /S . The composition of the top (respectively, bottom) horizontal arrows equals (ϕ Y, S ′′ /S ′ /S ) S ′′ (respectively, 1 Y S ′′ ) by definition (respectively, (1.6)). The left-hand square in the above diagram commutes since it is the base change along S ′′ → S ′ of diagram (1.7) for h = j Y, S ′′ /S ′ . The right-hand square commutes by the commutativity of diagram (1.11). Thus (2.6) commutes, which completes the proof.
Proposition 2.7. Let k be a field and let B be a finite local k-algebra. If X is anétale B-scheme, then ℜ B/k (X) exists and isétale over k.
Proof. If ℜ B/k (X) exists, then it isétale over k by Remark 1.15(b). Let k ′ be the residue field of B and let f : Spec k ′ → Spec B be the canonical morphism. By [AM, §8, Exercise 3, p. 92, and Proposition 8.4, p. 89] , B is an artinian local ring and f is a nilpotent immersion. Thus, by the previous corollary, ℜ B/k (X) exists if, and only if, ℜ k ′ /k (X k ′ ) exists. Thus we have reduced the proof to the case B = k ′ . We claim that in this case every finite set of points of X is contained is an affine open subscheme of X. Indeed, let Σ be a finite set of points of X. Since X is anétale k ′ -scheme, X is isomorphic to a sum i∈I Spec k Remark 3.2. Let A → B be as in the proposition and let G be any B-group scheme locally of finite type. Then the above proof shows that 
and a commutative diagram ofétale B-group schemes
where ψ = ψ G, B/A and π 0 (q G,B/A ) is the morphism (1.19).
Proof. Note that, by Remark 1.15(b), ℜ B/A (π 0 (G)) isétale over A. Now, since p G : G → π 0 (G) is smooth and surjective, the induced smooth morphism
is surjective as well by [CGP, Corollary A.5.4 (1)]
6
. Thus, by [BGA, Lemmas 2.2 and 2.3], 5 Note also that the remaining hypothesis in [loc.cit.], namely the surjectivity of G 0 → Spec B, does hold since the latter morphism has a section, namely the unit section.
6 The proof in [loc.cit.] remains valid if the quasi-projectivity assumption made there is replaced by the condition that the Weil restrictions involved exist.
there exists an exact and commutative diagram of sheaves of groups on (Sch/A) fppf
The left-hand vertical arrow in the above diagram is an isomorphism by Proposition 3.1, which shows that the right-hand vertical arrow is an isomorphism as well. The map (3.4) is the inverse of the preceding map, as shown in the diagram. Note that, by the commutativity of the right-hand square in (3.6), we have
is an epimorphism of sheaves of groups on (Sch/B) fppf , to check the commutativity of (3.5) it suffices to check that
By (3.7), the definition of π 0 (q G,B/A ) (see (1.19)) and the functoriality of (1.17), the above identity is equivalent to
which holds by the commutativity of diagram (1.7) for (h, S
Corollary 3.8. Let k ′ /k be any finite extension of fields and let G be a smooth k ′ -group scheme. Then there exists a canonical isomorphism ofétale k-group schemes
Proof. This is immediate from the proposition using Proposition 2.1.
Remark 3.9. When the smoothness hypothesis in Proposition 3.3 is replaced by the conditions that G be flat and locally of finite type over B, then (3.4) may be generalized as follows. There exists an exact and commutative diagram of sheaves of groups on (Sch/A) fppf
where we have used Remark 3.2 to identify ℜ B/A (G) 0 and ℜ B/A (G 0 ) 0 . Note that, since ℜ B/A (G) may not be flat over A (see, e.g., [BGA, Remark 5.15] ), the fppf quotient sheaf π 0 (ℜ B/A (G)) is not, in general, represented by a scheme. Now the above diagram yields a canonical exact sequence of sheaves of groups on (Sch/A) fppf
which may be regarded as a generalization of (3.4).
Theorem 3.10. Let A → B → C be finite homomorphisms of artinian local rings, where A → B is flat and Spec C → Spec B is either a nilpotent immersion or a flat universal homeomorphism. Let G be a smooth B-group scheme such that ℜ B/A (G 0 ), ℜ B/A (G) and ℜ B/A (π 0 (G)) exist. Then ℜ C/A (π 0 (G C )) exists as well and there exist a canonical isomorphism ofétale A-group schemes
and a commutative diagram ofétale C-group schemes
where τ := τ G, C/B/A and π 0 ((q G, B/A ) C ) is the map (1.20).
Proof. By Proposition 3.3, there exists a canonical isomorphism ofétale A-group schemes
On the other hand, via the identification
exists and yields a canonical isomorphism ofétale A-group schemes
The isomorphism (3.11) is the composition
where ψ := ψ G, B/A and ϕ := ϕ π 0 (G), C/B/A . The left-hand square above commutes since it is the base change along B → C of diagram (3.5). On the other hand, the right-hand square coincides with diagram (2.6) for (Y, S ′′ /S ′ /S) = (π 0 (G), C/B/A) and therefore also commutes. Thus the entire diagram (3.13) commutes. Since the composition of the top horizontal arrows in (3.13) equals τ C , we conclude that (3.12) commutes. This completes the proof.
Corollary 3.14. Let k be a field and let B be a finite local k-algebra with residue field k ′ . Let G be a smooth B-group scheme which is admissible relative to B/k (see Definition 1.12). Then ℜ B/k (G) and ℜ k ′ /k (π 0 (G s )) exist and there exist a canonical isomorphism of etale k-group schemes
and a commutative diagram ofétale k ′ -group schemes
where τ = τ G, k ′ /B/k and π 0 ((q G,B/k ) k ′) is the map (1.20) .
Proof. Since G is admissible and G 0 → G is an affine morphism [EGA, II, Proposition 1.6.2(i)], G 0 is admissible as well by [BGA, Remark 2.9(d) ]. Thus ℜ B/k (G 0 ) and ℜ B/k (G) both exist by Theorem 1.13. On the other hand, ℜ B/k (π 0 (G)) exists by Proposition 2.7. The corollary is now immediate from the theorem.
Smooth group schemes over noetherian local rings
An extension of noetherian local rings is a flat homomorphism R → R ′ of noetherian local rings. Then R → R ′ is faithfully flat and therefore injective [Mat, Chapter 2, (4.A) , Corollary, p. 27, and (4.C)(i), p. 28]. Let m and m ′ denote the maximal ideals of R and R ′ , respectively. Then R → R ′ induces an extension of residue fields
′ is a finite R-module. Set S = Spec R and S ′ = Spec R ′ . Since R is noetherian and R → R ′ is finite and flat, S ′ → S is a finite and locally free morphism. Now recall that, if X is an S-scheme, X s denotes the special fiber of X, i.e.,
Theorem 4.1. Let R ′ /R be a finite extension of noetherian local rings with associated residue field extension k ′ /k. Let G ′ be a smooth R ′ -group scheme which is admissible relative to R ′ /R (see Definition 1.12). Then there exist a canonical isomorphism ofétale k-group schemes
, where χ := χ G, R ′ /R and the left-hand vertical map is described in Remark 4.5(a) below.
which is a finite local k-algebra with maximal ideal
is a smooth B-group scheme which is admissible relative to B/k [BGA, Remark 2.9(e)]. Thus, by Corollary 3.14, there exists a canonical isomorphism ofétale k-group schemes
On the other hand, the map (1.8) for (X 
, where the first equal sign is the identification of Lemma 1.18, the second equal sign comes from the identification (1.1) and q s denotes the special fiber of the canonical morphism
′ are integral domains with fields of fractions K and
. The composition of π 0 (λ G ′ ,R ′ /R,K ) and the isomorphism of Corollary 3.8 is a canonical isomorphism ofétale K-group schemes
We now discuss some applications of Theorem 4.1. is admissible relative to
and there exists a canonical isomorphism ofétale k-group schemes
. Thus the corollary is immediate from the theorem.
Corollary 4.7. Let R ′ /R be a finite extension of noetherian local rings such that the associated extension of residue fields k ′ /k is purely inseparable. Let G ′ be a smooth R ′ -group scheme which is admissible relative to R ′ /R. Then there exists a canonical isomorphism ofétale k ′ -group schemes
′ → Spec k is a finite and locally free universal homeomorphism, Proposition 2.2(ii) shows that the right-hand vertical map in diagram (4.3) is an isomorphism. Therefore the left-hand vertical map in the indicated diagram is an isomorphism as well, which yields the corollary.
Remark 4.8. In the case where R ′ /R is a finite extension of discrete valuation rings, the isomorphism of Theorem 4.1 was discussed in [Lor2, Proposition 3.19] [Lor, p. 1, foonote] and [Lor2, p. 2032] . Regarding this question, we observe the following consequence of Corollary 4.6. Proof. By Corollary 4.6, π 0 (ℜ R ′ /R (A) s )(k
. Now, by [Bou, V, §6, no. 7, Theorem 4, p. A.V.34] and an inductive limit argument, k ′ ⊗ k k s is a finite reduced k s -algebra. Consequently (see, e.g., [AM, Theorem 8.7, p. 90 
are isomorphic by the perfectness of (4.9), the corollary follows.
The interest of the above corollary is that, when K ′ /K is separable so that ℜ K ′ /K (A K ′) is an abelian variety [Ed, Proposition 4 .1], Grothendieck's pairing (4.11)
may not be perfect [BB, comment after Corollary 2.2] , although, by the corollary, the groups involved are isomorphic when (4.9) is perfect. In other words, Corollary 4.10 suggests that the answer to Lorenzini's question may well be positive.
